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Abstract 

We present here a treatment of the 75 matrix in dimensional regulariza- 
tion that is able to preserve gauge symmetry for diagrams up to two-loop 
order. The first part of our scheme is moving all 75 matrices to the right- 
most position before we analytically continue the dimension. This renders 
all Feynman amplitudes corresponding to diagrams without fermion loops 
regulated and consistent with gauge invariance. Next we extend our scheme 
to amplitudes corresponding to diagrams with chiral fermion loops, on which 
the rightmost positions can only be found by cutting open the fermion loops. 
In contrast to the 75 scheme by Breitenlohner and Maison, we show that, by 
choosing the cut point properly located outside the divergent self-energy or 
vertex correction sub-diagram, all one and two loop diagrams in the standard 
model can be regularized gauge invariantly and their renormalized amplitudes 
obtained via minimal subtractions do not require further finite counter-term 
r enor malizat ion . 



1 Introduction 

It is well known that 75 matrix is an intrinsically four dimensional object 
and no definition of 75 is available under dimensional regularization [1] such 
that the anti-commutation relationship 

7s7m + 7^75 = (1) 

is preserved for space-time dimension n 7^ 4. This difficulty of defining 75 for 
n^4 poses a difficulty of applying dimensional regularization and minimal 
subtraction to gauge field theories with chiral fermions [21 [3]. This is because 
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we are no longer assured that a regularized gauge theory involving 75 still 
preserves the gauge symmetry of the original formal theory. In fact, it is 
known that the triangular Ward-Takahashi identity [I] is prone to be broken 
for gauge theories involving 75. This anomaly [5] is also known to be confined 
to the one- loop order j6j [7J [8j [9] . 

In the dimensional regularization scheme of Breitenlohner and Maison 
PHI [EE], the 75 matrix is defined in a way such that it anti-commutates with 
7 M for n G {0, 1, 2, 3} but commutes with 7^ when \i is continued beyond the 
first four dimensions. With this scheme for 75, Breitenlohner and Maison 
were able to show that dimensional regularization and minimal- subtract ion 
renormalization can be implemented consistently [121 [32] for theories involv- 
ing 75. But there is a major deficiency of this BM scheme: it is not a 
gauge invariant scheme [H]. Consequently, amplitudes obtained therewith 
do not satisfy Ward-Takahashi or BRST [15] identities, and finite counter- 
term renormalizations are required to restore the validities of these identities 
[HE EH EH HI [2(3 [21]. This in fact renders the application of dimensional 
regularization for chiral gauge theories rather complicated in practical calcu- 
lation. 

In this paper, we will present a scheme [22] that maximizes the usefulness 
of the anti-commutation relationship ([I]). In an open fermion line, we move 
all the 75 matrices to the rightmost position among the Feynman factors of 
this line before continuing to n 7^ 4. We will show that the amplitudes corre- 
sponding to diagrams without fermion loops obtained with this prescription 
are consistent with gauge symmetry. For diagrams with one or more fermion 
loops, we choose a proper position on each fermion loop, to be defined below, 
to fill the role of the rightmost position. We shall demonstrate that, with this 
75 scheme, it is possible to regularize a chiral gauge theory without breaking 
Ward-Takahashi or BRST identities up to two-loop order provided the the- 
ory is free of the one-loop anomaly. The standard model is such a theory. 
Therefore, it can be dimensionally regulated and renormalized according to 
our 75 scheme up to two-loop order without resorting to additional finite 
counter term renormalization. 

In dimensional regularization, it is known that the condition 

YY + 7 V = 2^ (2) 

can be analytically continued and consistently utilized in n dimensional space 
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PP. In a four- dimensional space, 75 is defined as 

75 = Z7V7V (3) 

This definition of 75 satisfies 7! = 1 and the anti-commutation relationship 
757/i + 7^75 — for \i G {0, 1, 2, 3}. Let us introduce the notation p M for the 
component of p M vector in the first 4 dimensions and the notation p^ for the 
component in the remaining dimensions, i.e., 

with 

p£ = if /1 G {0, 1, 2, 3} , p" = if n $ {0, 1, 2, 3} . 
Likewise, the Dirac matrix 7^ is decomposed as 

7 At = Y t + 7£ 

with 7^ = when /i G {0, 1, 2, 3} and 7^ = when // £ {0, 1, 2, 3}. 

In our scheme, we will insist on maintaining the definition ([3]) for 75 even 
when n departs from 4. We therefore have 

757^ + 7^75 = 27^75, (4) 

which means that 75 does not anti-commute with 7^ when \i is not in 
{0, 1, 2, 3}. In a four-dimensional space, any matrix product 

M = 7 Wl 7 W2 ...7 Wn with w< G {0, 1, 2, 3, 5} 

may be reduced, by anti-commuting 75 to the rightmost position, to either 
the form of ±7^7^... 7 Mm with /ij G {0, 1, 2, 3} if M contains even 75 factors, 
or the form ±7^ 7„ 2 --- lv p 75 with z/j G {0, 1,2,3} if the 75 count is odd. As 
the 7 M matrix is analytically continued and consistently defined when the 
component /x runs out of the range {0,1,2,3} under the dimensional reg- 
ularization scheme, the matrix product 7 w 7 W2 ---7/i ro * s a l so unambiguously 
defined under dimensional regularization. We may also analytically continue 
the product -y Ul 7^... 7^75 with one 75 on the right by defining it to be the 
product of the analytically continued r )u- L lw i ---lv p and the 75 defined in (J3J). 
Similarly, we may analytically continue the product 7^7^ ...7^ 757i/ i+ i»-7i> p 
by defining it to be the analytically continued 7„ 1 7„ 2 ..-7 i , i times 75 then times 
the analytically continued j Ui+1 ---lu p - 
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In a n = 4 dimensional space, a matrix product involving one 75 has more 
than one equivalent expressions corresponding to different positionings of the 
75 matrix such as 

for i = 0,1, ..p — 1. When n 7^ 4, the above equation does not always hold 
because the anti-commutator flTJ becomes commutor (TJJ and does not vanish. 
In particular, we have 

7fi7*> 2 ---7^75 = -7^i7^--757^ + ^lu^-lup^lhlA^ 

Thus a matrix product that contains an odd number of 75 is not unambigu- 
ously continued from its value at n = 4. 

Before analytic continuation is made, a 75-odd matrix product may al- 
ways be reduced to a matrix product with only one 75 factor. To analytically 
continue such a matrix product, we need an extra information which is spec- 
ifying the location of the 75 factor within the matrix product. We adopt 
the default continuation by anti-commuting the 75 matrix to the rightmost 
position before making the analytical continuation. 

2 Proper 75 Position and Cut Point 

While the scheme of rightmost ordering defines uniquely the amplitude cor- 
responding to a diagram without chiral fermion loops, it is not the case with 
a diagram with one or more chiral fermion loops. This because there is 
no starting point in a chiral fermion loop, and the rightmost position in the 
product of the corresponding gamma matrices is not defined. We may choose 
a point on a fermion loop as the starting point and move all the 75 matrices 
to this point. In general, continuations from different choices of the starting 
point give different values for the Feynman trace associated with the fermion 
loop when n 7^ 4. 

We note that a fermion loop opens up and becomes a fermion line if we 
make a cut at some point on the loop. We shall always choose as the cut 
point either the beginning point or the endpoint of an internal fermion line on 
the loop. An internal fermion line begins from a vertex and ends at another 
vertex. When the cut point is chosen to be the endpoint of an internal fermion 
line, the vertex factor will be assigned to appear as the beginning factor and 
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stands at the right end of the matrix product for the entire open fermion line. 
And when the cut point is chosen to be the beginning point of an internal 
fermion line that emits from a vertex, the matrix factor corresponding to 
that vertex will be assigned to be the terminating factor and stands at the 
left end of the matrix product for the entire open fermion line. With the 
cut point on a fermion loop chosen and with the fermion loop turned into a 
fermion line, we may apply the rule of rightmost ordering for 75. 

Although we have multiple continuations for a matrix product or the 
trace of a matrix product, they differ with one another either by terms that 
are O (n — 4) or by terms containing at least a factor of 7^. In the tree order 
and in the limit n — > 4, they are all restored to the same result because 7^ 
will disappear when n — > 4. For higher loop orders, 7^ contribution may not 
be ignored in the limit n — > 4. This is because the factor 7a7a5V — {n — A) 
multiplied by a simple pole factor ^ziy or a higher-order pole term becomes 
finite or even infinite in the limit n — > 4. Thus 75 located within a divergent 
diagram or sub-diagram in general yields different regulated amplitude from 
that given by rightmost 75. To avoid such differences as much as possible 
in our 75 scheme, we will refrain from positioning 75 inside a divergent sub- 
diagram, of which the pole terms will be removed after renormalization. 

A position for 75 will be called proper if it is not located within a diver- 
gent 1PI sub-diagram such as a self-energy insertion or a vertex correction. 
Likewise, for a fermion loop, a cut and the corresponding cut point will be 
called proper if the cut is not made within a divergent self-energy insertion 
or vertex correction sub-diagram. 

To form a Levi-Civita tensor, we need at least 4 different indices in the 
first 4 dimensions. A diagram with 2 external non-fermion lines has at most 
two indices provided by the polarizations of the external lines. The other 
two indices of the Levi-Civita tensor have to be contracted with two different 
external momenta to give a non-zero value. Since there is only one external 
momentum available for a 2-point function, the Levi-Civita tensor term is 
absent in such a function. This is to say that a term in the 2-point function 
involving the trace of a 75-odd matrix product for a fermion loop vanishes. 
As to the trace of a 75-even matrix product, it is void of 75 and therefore 
uniquely defined under dimensional regularization. Thus the amplitude for a 
2-point function with non-fermion external fields and with only one fermion 
loop is independent of the cut point chosen on the fermion loop. Such a cut 
point, which may reside in a divergent sub-diagram, will be called proper in 
any case. 
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The minimal-subtraction prescription, which subtracts out the pole terms 
for all possible forests of non-overlapping sub-diagrams [231 I2U ED] , is a con- 
venient renormalization procedure. For a superficially convergent diagram 
with an open fermion line or with a closed fermion loop, positioning 75 at all 
proper locations gives the same amplitude as the default continuation with 
rightmost 75 in the limit n —>■ 4 provided that all the divergent sub-diagrams 
have been renormalized. We therefore have 

Theorem 1 The renormalized amplitudes for a superficially convergent 1PI 
diagram obtained with different proper 75 locations approach the same n — > 4 
limit. 

More care is needed to treat a superficially divergent diagram. This is 
because, even with all proper sub-diagrams renormalized, pole terms may 
still arise from overall integrations. If we expand the overall amplitude as 
a Taylor series with respect to the external momenta, the pole terms occur 
only in the first few terms in the series because the degree of divergence from 
power counting for each term in the Taylor series is progressively decreased by 
the power of the external momenta. For example, while the vertex correction 
function is logarithmically divergent, only the first term in this Taylor series, 
henceforth called the To term, may have pole terms on condition that all 
proper sub-diagrams have been renormalized. The overall subtraction of 
pole terms does not remove the finite difference stemming from multiplying 
these overall pole terms to the 7a or O (n — 4) difference even if we position 
75 at two different proper locations. 

If we rely on the Ward identities to determine these ambiguous finite 
terms, as is done in the BM scheme, we can choose whichever position or cut 
point for 75 as long as it is a proper one. The renormalized amplitudes so 
calculated are consistent with those obtained from the BM scheme. As we 
have mentioned, this method of finite counter-term renormalization is rather 
complicated and difficult to implement in practical calculation. Fortunately, 
we will show there is a cut-point prescription which is capable of regularizing 
amplitudes gauge invariantly under the rightmost 75 scheme for diagrams up 
to 2-loop order, provided that the 1-loop triangular anomaly is absent. This 
result is significant in that it greatly reduces the complexity of calculations for 
amplitudes in the standard model. Furthermore, by moving all the 75 to the 
rightmost position, the matrix product in front of 75 is a fully n-dimensional 
covariant expression and, in contrast to the non-covariant treatment of the 
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7 matrix indices in the BM scheme, we are spared the chore of splitting the 
n dimensional space into 4 and (n — 4) spaces in practical calculations. 

3 Ward Identity and rightmost 75 ordering 

A Ward-Takahashi identity involving divergent amplitudes is not meaningful 
unless these amplitudes have been regularized. Take, for example, the formal 
identity k^U^ u = for the one-loop photon self-energy U.^^ in QED. The 
function U^ u may be formally written as 

n (lW = e 2 [ —,Tr ( Y^—1 U ) 

J (2tt) 4 V /+ Jk-m 1 Jt-m 1 ) 

where k is the external momentum. The identity 



/+ jk — m / — m i — m /+ jk — m 
allows us to express k p Tl^> Ml/ as 

k n^ 1 )^ = e 2 [ dH Tr ( 1 V - -v^ 

The above integral is divergent and hence meaningless. Therefore, shifting 
loop variables at n = 4 is not always a legitimate operation, and the identity 
k f Jl ( - 1 ^ 1 ' = is merely formal. 

Dimensional regularization has the advantage of giving the amplitude 
n(!)^ a well-defined expression in which loop momentum shifting is allowed. 
As a result, the difference of two terms related by a shift of loop momen- 
tum variable is equal to zero. Thus the dimensionally regularized amplitude 
satisfies k f JI^ fJ " u = 0. But it works only when iT 1 )^ involves no 75. 
For diagrams with chiral fermion lines, the 75 difficulty is not resolved by 
conventional dimensional regularization and as a consequence, Ward identi- 
ties are not always obeyed. We shall show why this is so and that this 75 
difficulty is solved by the additional adoption of rightmost 75 ordering before 
analytical continuation of dimension. This is because, as we will explain be- 
low, keeping the matrices in the rightmost 75 order helps the preservation of 
gauge invariance. 
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For a gauge theory involving 75, there is a basic identity similar to (J5J) for 
verifying Ward identities: 



/+ jk — m ^ ^ 5 / — m ^ 5 / — /+ jk — m ^ 5 ^ 

The above identity valid at n = 4 is derived by decomposing the vertex factor 
( jk — 2m) 75 into ( /+ jk — m) 75 and 75 ( / — m) that annihilate respectively 
the propagators of the outgoing fermion with momentum £ + k and the in- 
coming fermion with momentum £. Positioning 75 at the rightmost site, the 
above identity at n = 4 becomes 

' (]k-2m) 1 75 =( t + ^T—7 J 75- (7) 



/+ jk — m — / — m \— jt — m /+ jk — m 

If we disregard the rightmost 75 on both sides of the above identity, we 
obtain another identity that is valid at n = 4. This new identity, which is 
void of 75, may be analytically continued to hold when n 7^ 4. We then 
multiply 75 on the right to every analytically continued term of this 75-free 
identity to yield the analytic continuation of the identity (j^D- 

As a side remark, we note that when we go to the dimension of n 7^ 4, (J6]) 
in the form presented above is not valid. This is because 75 does not always 
anti-commute with 7^ if n 7^ 4. Instead, the identity needs to be modified 
by including an additional vertex factor 2 /a 7s, as shown below, if it is to 
hold for n^4. 

1 111 

(/; + 2 / A - 2m) 75- = 75- h -r- — ; 75 



/+ jk — m f — m f — m /+ jk — m 

Adopting the rightmost 75 ordering avoids this difficulty, as the validity of 
the identity in the form of rightmost 75 ordering no longer depends on 75 
ant i- commuting with the 7 matrices. 

For an amplitude corresponding to a diagram involving no fermion loops, 
we shall move all 75 matrices to the rightmost position before we continue 
analytically the dimension n. Subsequent application of dimensional regu- 
larization gives us regulated amplitudes satisfying the Ward identities. 

The same conclusion cannot be drawn if 75 appears in a fermion loop. For 
example, the following identity involving traces of matrix products is valid 
at n = 4. 

Tr (7^7^75) - Tr ^MYls) = ^Tr (M75) (8) 
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where M is a matrix product of 7 matrices and is free of 75. Although all 
75 in the above identity appear rightmost positioned, this identity does not 
always hold when n 7^ 4. Specifically, condition (j2J) ensures that the following 
matrix equation continues to hold when n^4. 

7VM75 + 7 = 2g fMV Mj 5 (9) 

The identity derived by taking the trace of the above equation thus also holds 
for n ^ 4. But the second term in (jSJ) no longer remains equal to the trace 
of the second term in (JH]) when the index v is continued beyond the first 4 
dimensions. This is because 

-Tr (j^M^ls) = Tr (tV^Ts) - 2Tr (7^7^75) 

Thus (jHJ) does not hold when n^4, and similarly for other identities. 

On the other hand, if we are able to find a matrix equation, such as f$§, 
with every 75 rightmost positioned, then the equation corresponding to the 
analytic continuation of the trace of this matrix equation also holds. A Ward 
identity involving 75 in fermion loops may be regularized and continued for 
n 7^ 4 if the un-traced matrix equation for the identity can be established 
before taking the trace. This is how we will proceed to construct dimension- 
ally regularized amplitudes to satisfy the Ward identities when chiral fermion 
loops are present. 

An identity relating the traces of matrix products without 75 at n = 4 
can always be analytically continued to hold when n / 4. Therefore, the 
portion of an amplitude in which the count of 75 on every loop is even has 
no 75 difficulty [25] . But to calculate amplitudes with an odd count of 75, 
we need an additional prescription. This is because, as we have mentioned, 
the rightmost position on a fermion loop is not defined a-priori. Divergent 
diagrams with fermion loops are the only type of diagrams that may be 
ambiguous with respect to the 75 positioning. Not incidentally, they are also 
the diagrams that may be plagued by anomaly problem. We will show that 
such diagrams up to 2-loop order can also be handled by our 75 scheme. 
Before proceeding to the prescription for the target theory of the standard 
model, we will first treat the simpler theory of chiral Abelian-Higgs gauge 
theory defined in the following section. 
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4 Abelian-Higgs Gauge Theory with Chiral 
Fermion 



The Lagrangian for the Abelian-Higgs gauge theory [261 EH] with chiral 
fermion is 

L = -\f, v F^ + (D^)t (Drf) - \\g 2 (V</> - (10) 
+ i) L (i P) ip L + tfj R (i jd) ipR - V2f ($lHr + $r4>Hl) , 

where 

Ffiu = d^A u — d u A fl , 
D^cp = {dp + igA^) <p, 
ip L = Lip, ip R = Rip 
with the chiral projection operators L and R defined as 

^ = ^(1-75)^=^(1 + 75). 

We define two Hermitian fields H and <p 2 for the real and imaginary parts of 
the complex scalar field by 

We also introduce two mass parameters M and m defined by 

M = gv,m = fv (12) 

Both M and m will be regarded as zero order quantities in perturbation. 
To quantize this theory, we add to the Lagrangian L gauge fixing terms in 
the a gauge as well as the associated ghost terms |27j. The sum will be 
called the effective Lagrangian L e ff, and is invariant under the following 
BRS variations: 

SA„ = d^Z, (13) 
5<p 2 = -Mi - g£H, 
5H = g^ 2 , 

Sip L = -ig£ip L , 6ip R = 0, 

6t } = --(PA ii ),6Z = 0. 
a 
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where £ is the ghost field and r\ is the anti-ghost field. The gauge fixing term 
is 

L 9 f = ~ (<Vf (14) 

and the ghost term is 

L ghost = i7}6 (d,A») = in (d^) £. (15) 
The BRS invariant effective Lagrangian is 

L eff = L + L g f + L ghost (16) 

4.1 Charge Conjugation Transformation 

If we disregard terms involving fermion fields, the effective Lagrangian (j!6p 
is invariant under the following charge conjugation transformation: 

H^H (17) 

fa -> -0 2 , A" -> n -> -77, £ - 

Fields that have odd (even) charge parity shorthanded as C-parity under 
this transformation are classified as C-odd (C-even) fields. For non-fermion 
fields, H is C-even and non-if fields are C-odd. We define the C-parity of 
a Feynman diagram to be the product of the C-parities of its non-fermion 
external lines. A vertex without fermion lines attached is always C-even, so 
is a fermionless Feynman diagram. It is therefore impossible to construct a 
C-odd diagram without including fermion lines or loops. For a theory that 
does not involve 75, such as QED, the charge conjugation transformation is 
a symmetry of its Lagrangian. A consequence of this symmetry is the Furry 
theorem which states that any amplitude for an odd number of external 
vector fields such as the AAA amplitude vanishes in QED. 

In four dimensional space, the charge conjugation transformation ip — > 
Cip T for fermion fields is effected by the matrix 

c = z 7 y (is) 

that satisfies 

CYC' 1 = - (7 M ) T . (19) 

The above identity is based on the property that 7 and 7 2 are symmetric 
matrices while 7 1 and 7 s are antisymmetric in four dimensional space. It is 
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not guaranteed that this property specific to n = 4 may be dimensionally 
continued such that (fT9j) holds when that n^4. 

We shall not assume the validity of (fT9|) when n^4 and define instead the 
charge conjugation for a matrix product of N 7 matrices M = ^ x ^' 1 .rf m as 
M c = (— 7 MJV ) (— 7 M2 ) (— 7 Ml ) which is the product of the negative of these 
N 7 matrices in reversed order. When n = 4, we may make use of (flUl) to 
verify straightforwardly that the trace of M is the same as that of M c or 

Tr ^Y 2 -Y N ) = Tr ((-7 MJV ) .. (-7^) (-7 M1 )) (20) 

Since both sides in ( 1201) consist of terms that are product of g^ L ^ j metric 
tensors, the polarizations ..//jv may be dimensionally continued beyond 

the first 4 dimensions so that (1201) is also valid when n^4. The validity of 

Tr (7^ 1 7 fi2 ..7^ JV 7°7 1 7 2 7 3 ) = Tr (7 3 7 2 7 1 7° (-7 MJV ) •• (-7 M2 ) ( _ 7 W )) 
also yields 

Tr ( 7 W 7 M2 -7 MN 75) = Tr (75 (-7^) .. (-7^) (-7^)) (21) 

where /ii,/i2, --/J-n are allowed to be polarizations in arbitrary n dimensional 
space. 

We will use the notation M DR with the sub-index DR to indicate that M DR 
is the matrix product obtained from M by anti-commuting all the 75 matrices 
with 7 matrices to the right and then continuing to n / 4. Conditions (1201) 
and (121]) in the above may be summarized as 



Tr[M DR ) = Tr[ [M DR f ) . (22) 



The accumulated sign change resulting from moving a 75 in M to the right- 
most position is equal to that from moving the corresponding 75 in M c to 
the leftmost position. We thus have 

Mdr) C ={m C ) dl (23) 

where the subscript dl means that the analytical continuation to n ^ 4 
starts from the expression obtained after anti-commuting all the 75 factors 
to the leftmost position. If the count of 7^ matrices with // G {0, 1, 2, 3} in a 
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matrix product is odd, the trace of the matrix product is zero and so is its 
continuation from any form. Hence, the 75 factor at the leftmost position of 

( M c ) in a trace may be moved to the rightmost position to yield 

\ J DL 

^(MJ^HJ (24) 



Combining (J22J), (1231) and (1241) in the above, we get 

Tr (m dr ) =Tr ((m c ) ) (25) 



DR 

Let G be a Feynman diagram with a fermion loop that has been cut open 
at the point P. The conjugate diagram G c is defined to be the diagram 
obtained by reversing the direction of the fermion loop in G. The point P 
remains to be the cut point of G c . If the cut point P on G is the endpoint 
of a certain fermion line on the loop, it becomes the beginning point of the 
reversed fermion line in G c , and vice versa. 

The identity (1251) may be utilized to show that dimensionally regularized 
amplitudes for G and G c are related. To be more specific, let F be a fermion 
loop attached by fields in the sequence ipx, (p 2 , ■■■<f n with inward momenta 
ki,k>2,..k n and the cut point is chosen to be the endpoint of the internal 
fermion line flowing into the vertex of (p\. The Feynman integrand I (F) for 
F may be written as 

j(F) = Tr( 1 ^" lW y+¥i+¥2- l -+¥n-±~m w VPn-l, 



(26) 

DR 

where I is the loop momentum variable and the vertex factors are 



w (A^) = -igRYL, w (0 2 ) = fl5 and w (H) = -if. 

According to the identity (|25|) . performing the charge conjugation opera- 
tion on the matrix product inside the trace of (|26|) leaves the value of / (F) 
unchanged. Thus, 



I (F) = Tr 

where 



DR 



w (A") = igLq^R, w (0 2 ) = /7s and w (H) = -if. 
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We are allowed to make the transformation i — > — i in carrying out the j d n L 
loop integration and arrive at 



d n £I(F) = / d n £Tr „ , 1 t Vx ~ m i V ~ ¥l ~ ¥ r\" i 

(27) 

On the other hand, the conjugate diagram F c is the fermion loop with the 
external fields attached on the loop in the order of (p n ,(p n -i, ...(pi, and with 
the cut point being the beginning point of the fermion line that leaves the 
vertex of The Feynman integrand for F° may be written as 

l(F c )=Tr( W ^ V=W^ W ^ f*i4-m- ) (28) 



DR 



Let us observe that 



w {A") = -w {A" 



175— >-75' 



m((p2) = ~W {(p2) | 75 ->-75) 

iu{H)=w (H) 



75— *— 75 • 



These relationships demonstrate that if we insert an additional negative sign 
in front of every 75, the vertex factors zb(A fJi ), zu (</> 2 ) and w (H) become 
—to(A fl ), — ti7 (0 2 ) an d w (H) respectively Note also that the integrand in 
(|2"T|) becomes the integrand I (F c ^ in (1281) if all the vertex factors zu (ip) in 
fT27|) are replaced by w (<p). Thus we have 

J d n il (F c ) = (-I)***") J d n U (F) | 75 _ 75 (29) 

where Nc (F) is the number of C-odd fields in {(fi, (p 2 , ■■■(p n } and (— 1)^°^ 
is the C-parity of the diagram F or F c . Decomposing the identity (129]) into 
the 75-even part and the 75-odd part, we get 

75-even part of J d n il (F c ) = 75-even part of (-1)^^ J d n £I (F) (30) 

and 

75-odd part of J d n £I (F c ) = 75-odd part of (_i)*c(W j d n £I (F) . 

(31) 
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If the fermion loop F is a sub-diagram of a larger diagram G that contains 
no other fermion lines than those in F, then the C-parity of G is equal to 
the C-parity of F. Since the Feynman integrand for the complement of F 
in G is the same as that for the complement of F c in G c , f l29|) - fl3T|) are also 
valid if we replace F with G. We have thus proved the following theorem: 

Theorem 2 For a diagram G without any external fermion line and with 
a fermion loop that has been cut open, the conjugate diagram G c is defined 
to be the diagram obtained by reversing the direction of the fermion loop in 
G without altering the location of the cut point. If G is C-even, the 75-euen 
part of the dimensionally regularized amplitude of G is equal to the 75-even 
part of G c but the ^-odd part of G is the negative of the 75-odd part of G . 
If G is C-odd, the j 5 -odd part of G is equal to the 75-odd part of G c and the 
75-efen part of G is the negative of the 75-even part of G c . 

In our dimensional regularization scheme, we will make it a rule that if 
a diagram G is included as one of the component diagrams, the conjugate 
diagram G c must also be included (with, of course, suitable adjustment of 
weighting factors). Since the 75-odd parts are cancelled between G and G c 
when G is C-even, the following corollary is obvious. 

Corollary 3 No Levi-Civita tensor term is possible for C-even functions. 

For C-odd functions, the 75-even parts are cancelled between G and G c . 
If we discard the 75-even part, either G or G c suffices for the evaluation of 
the C-odd function and we choose the one whose cut point is located at the 
endpoint of an internal fermion line. 

Corollary 4 Only Levi-Civita tensor terms survive in the regularized C-odd 
functions. These Levi-Civita tensor terms may be evaluated by diagrams 
whose cut points are restricted to the subset of endpoints of internal fermion 
lines on the fermion loops. 

From now on, unless specified otherwise, we limit the cut points to be 
those residing at the end of fermion lines. 
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4.2 Graphical Identities 

The prescription of the rightmost 75 ordering under dimensional regulariza- 
tion offers a scheme to construct amplitudes when n^4. We now introduce 
some graphical notations for verifying diagrammatically if the regularized 
amplitudes so obtained satisfy Ward-Takahashi identities. 

According to the Feynman rules, one assigns the factor —igRy^L to the 
vertex ip — A^ — i/i and the factor — / (L — R) to the vertex ip — fa — ip, as these 
factors correspond to the terms —gipL A^l and —if (ipLfoipR — ?Ar02^l) in 
the interaction Lagrangian of (ITU]) . Let us define the following two graphical 
notations for these two vertices: 

X =-igRrfL, • =-f{L-R). (32) 
A* 

We also introduce the notation 

(x) = - g R ]kL + mg (L — R) (33) 
k 

which represents the sum of — ik^ times the t/S — — ip vertex factor, with k 
the momentum of the vector particle flowing into the vertex and — M times 
the %jj — (f>2 — i> vertex factor. Note that Mf may be equated to mg according 
to (H2) . The identity 

R jkL-m(L- R) = (/+ Jk - m) L - R(jt-m) , (34) 

valid in a four- dimensional space, will be our building block for verifying 
various Ward identities involving fermion lines. Indeed, if we set L = R = 
1, the identity above becomes the familiar identity used in verifying Ward 
identities in QED. 

Sandwiching equation (1341) between two fermion propagators, we get 

(Jt+l-m) iR AL ~ m{L ~ K)) (jh^ = L {jhnj-(/+l-m) R 

(35) 

Note the similarity of this identity with its familiar counterpart (JSJ) in QED. 
As noted before, when we go to the dimension of n 7^ 4, (1351) in the form 
presented above is not valid. This is because 75 does not always anti-commute 
with 7^ if n 7^ 4. Adopting the rightmost 75 ordering avoids this difficulty 



16 



The above equation multiplied by the coupling constant g may be expressed 
graphically as 

—(g)— ?=®-£ + -<§±£ (36) 

£ + k t k k 

where the double line emitting from the composite vertex (x) indicates that 
the fermion propagator is annihilated. In addition, the double line together 
with the composite vertex is to be replaced by — igL if the arrow points to 
the left, and to be replaced by igR if the arrow points to the right. Thus 
the following two diagrams cancel each other if the corresponding external 
momenta are the same: 

-^xj=^- + ->^xy- = (37) 

In our convention, the direction of any horizontal fermion line is assumed to 
be pointing to the left side unless indicated otherwise. 

4.3 One-Loop Order 

At 1-loop level, the problem with multiple values of analytical continuation 
only occurs when the amplitude associated with the fermion loop is divergent. 
This happens when there are 2, 3 or 4 external lines attached to the fermion 
loop. 

A diagram with 2 external lines has at most two indices provided by the 
polarizations of the external lines and one index provided by the external 
momentum. Thus there are insufficient indices to form a Levi-Civita tensor 
term for a 2-point function and the 75-odd amplitude for such a function 
vanishes. As to the remaining 75-even amplitude, it is uniquely defined and 
can be calculated in consistency with gauge invariance. Hence the Ward 
identities for 2-point functions with one fermion loop are always satisfied 
and are free from the anomaly problem. 

For a 3-point 1PI function, the Levi-Civita tensor needs to be contracted 
to at least two components of the external momenta if there are less than 3 
external polarizations. The 3-point function is linearly divergent and the 2nd 
order term of its Taylor series expanded with respect to its external momenta, 
henceforth called the T2 term, is convergent. At 1-loop level, the Levi-Civita 
tensor term of such a 3-point function is well defined in the n — > 4 limit 
although its continuation when n 7^ 4 may be ambiguous. Such convergent 
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terms also satisfy the Ward identities they are supposed to obey. Thus, the 
possibility for 1-loop anomaly occurs when the Ward identity involves an 
AAA amplitude for three external vector fields. Furthermore, for this 1-loop 
AAA function, the To term with all the external momenta equal to zero has 
insufficient indices to form a Levi-Civita tensor and only the T\ term (1st 
order term in the Taylor series expansion) may contribute to the ambiguous 
Levi-Civita tensor terms. 

The 4 point 1PI function is logarithmically divergent. Only the To term 
of an AAAA 1PI amplitude for 4 vector fields with 4 different polarizations 
has enough indices to form a Levi-Civita tensor term that may be divergent. 
Such 4-point functions are C-even and free of any Levi-Civita tensor term 
according to Corollary [3] of Theorem [2J All the Ward identities for 4-point 
functions in the Abelian-Higgs theory are thus free of 1-loop anomaly. 

In the following section, we will attempt to construct, with our prescrip- 
tion of rightmost 75 dimensional regularization, the 1-loop amplitudes for the 
triangular Ward identity. The Ward identities for two-loop diagrams will be 
discussed later. 



4.4 One-Loop Triangular Diagrams 

Let F^ (A P 1 A U ,A P ] k u k 2 ,k 3 ) denote the 1PI amplitude with one fermion 
loop and three external fields A 11 , A u , A p , with k\, k 2 , k 3 = —k\ — k 2 the mo- 
menta of A p , A u , A p , respectively. We may omit the momentum variables k\, 
k 2 , k 3 if there is no confusion. The superscript < - 1 - ) signifies that the amplitude 
is of one loop, while the subscript f signifies the presence of a fermion loop. 
The directions of the external momenta are inward. As noted before, the 



is ambiguous. 



T x term of (A p , A u , A p ), denoted by T x (A p , A", A p ) 

One possible way to resolve the ambiguity is by relating Yp (A p , A v , A p ) to 
(A p , A u , <p 2 ) through the Ward identity 



- ik*T$ (A p , A", A"; h, k 2 , fc 3 ) - Mr« (A p , A", 4> 2 ; h, k 2 , k 3 ) = 0. (38) 

We will show that there are 1-loop diagrams that may be constructed to yield 
amplitudes which satisfy the above identity. Formally, amplitude for the left 
side of the above identity (I3"5|) is represented by the sum of the following two 
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Feynman diagrams: 



(39) 

If we replace the circled cross (x) in the two diagrams above by the un- 
circled cross ff defined in ( 1321 . then these two diagrams become the 1-loop 
diagrams for the AAA amplitude in fl38l) . Similarly, if we replace the circled 
cross (x) by the black dot • defined in ( 1321) . then the two diagrams become 
the 1-loop diagrams for the AA<p2 amplitude in ( 1381) . Thus the two diagrams 
in (139|) represent the left side of (|38|) . Furthermore, since both AAA and 
AA(p2 functions are C-odd, only Levi-Civita tensor terms survive in their 
regularized amplitudes by Corollary [4] of Theorem [2j By power counting, 

T 2 (A^, A v ', 2 ) is convergent and may be easily evaluated with any cut 
point by rightmost 75 dimensional regularization. The result 



lim T 2 

n^4 



if (A", A", <h)] = -^ 3 ^M2, (40) 



is unambiguously defined. 

If we detach the composite vertex (x) from each of the two diagrams in 
( 1391 . both diagrams then become the same as 



Q 



(41) 



Since the component diagrams in (jSHD may be generated by all possible inser- 
tions of the composite vertex (x) into the internal lines of the above diagram 
in (14T1) . this diagram in (14T|) will be called the generator for the Ward identity 
©8]). 

By making a cut at the ip — A v — ip vertex and then by repeated use of 
( 1361) and ( 1371) . the sum of the two diagrams in ( 1391) becomes 

-^xHB( + — X-(x)-X = ^^f^ + ^HxJ 1 ^ 

(42) 

in which the horizontal line is supposed to be an open fermion line flowing to 
the left. We emphasize that the identity (1421 remains satisfied when n 7^ 4 if 
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we adopt the rightmost 75 dimensional regularization for every term in the 
identity. Calling the momentum for the fermion line entering the cut point 
as £, we find that these two amplitudes are, respectively, 

/+ fa+ /k 2 -m Jt+fa — m 



and 



—-fL j—r^-; {ig 3 R) 1 U L — —M (£ + k 3 ) L, 



where M (£) stands for — iq 3 ... , y^L 17 -rr — 7". Since the fermion lines 

form a closed loop, the trace of the expressions above will be taken. Be- 
cause Tr ( LM (£) L ) may be reduced to Tr ( M (£) L ] , the amplitudes 

V J dr V / DR 

corresponding to the last two diagrams in (|42p are related by a shift of the 

momentum variable. Since it is legitimate to shift the loop momentum by a 
finite amount after regularization, the regularized amplitude of (142]) vanishes 
after integration. 

Note that the first two cut diagrams in (j42p may be generated by attaching 
the composite vertex (x) in all possible manners consistent with Feynman 
rules to the cut diagram 

fi v (43) 

obtained by cutting the generator diagram (14~T!) at the ip — A u — ip vertex. 
It is convenient to view the identity that the regularized amplitude of (142]) 
vanishes as being generated by the cut generator in (143]) . To summarize, if 
we choose the ip — A v — ip vertex as the cut point for the generator (I4ip . 
construct the component diagrams by attaching (x) , anti-commute 75 to the 
rightmost position, and then dimensionally regularize the coefficients in front 
of 75, the regularized amplitudes so obtained satisfy the Ward identity fl38|) . 

Similarly, we may open up the fermion loop by choosing the t/> — — ip 
vertex as the cut point, follow through the same arguments, and arrive at 
another set of amplitudes for (A 1 ", A v , A p ) and {A*, A u , 2 )- Such am- 
plitudes may also be obtained from the interchange of k\) <^ (is, k 2 ) on the 
previously defined rg } (A*, A u , A p ) and r£ } (A*, A v , fa). Since e^ pa k lp k 2a is 
invariant under such exchange, the amplitude T 2 



the same. Therefore, it may appear in order that the result of ( 140]) is con 



r£ } {A^, a v , 



remains 



sistent with the Ward identity §E§, T x Ty (A*, A", A p ) 



should be defined 
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such that 



ik 3 lim T\ 



n— >4 



(A* 1 , A", A p ) 



127T 



; g 3 e^k lp k 2o 



(44) 



However, we will show, in the immediate following, that the above con- 
dition (1441) for AAA amplitude is inconsistent with the Bose permutation 

symmetry. By definition, T x T { p ] (A^, A v ', A p ) is a product of a Levi-Civita 

tensor and a linear combination of the independent external momenta k\ and 
k 2 . From relativistic covariance, we must have 



T 



r£ } A", a p ; fei, fe 2 , fe 3 ) = e ^ {c x k la + c 2 A; 2ct 



(45) 



where C\ and C 2 are dimensionless constants. The Bose symmetry under the 
exchange of (A p , ki) (A u , k 2 ) gives 



rg } (A p ,A»,A p ;h,k 2 ,k 3 ) 



T 



which is equivalent to 



c [ivpa 



{C x k Xa + C 2 k 2a ) = e 1 ^ {C x k 2a + C 2 k la ) = e 



(46) 

Similarly, the Bose symmetry for the exchange of (A u , k 2 ) <^> (A p , k 3 ) yields 



T 



r« (A»,A u ,A";k h k 2 ,k 3 



(A M , A p , A u ; ki, k 3 , k 2 



and 



e^ CT (C^ + C 2 A; 2(T ) = e^ CT (C^i, + C^) = e^ CT ((C 2 - d) k la + C 2 k 2a ) 

(47) 

To meet f|46|) and (j4"T|) . we must have Ci = C 2 = 0. Consequently, 



Tl 



T ( p ] {A?, A u , A p ) 



0. 



(48) 



This result contradicts the result (144)) derived on the basis of the validity of 
the Ward identity (1381) . showing that this Ward identity for the triangular 
diagrams is not consistent with the Bose permutation symmetry. 

Note that the diagrams used in the graphical identity (j4*2l) with the ip — 
A u — ip vertex as the cut point are not Bose symmetric. Nor are those with 
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the ip — A p — if) vertex as the cut point. Nor are the sum of these two sets of 
diagrams. This is because we have left out the third vertex as a cut point. In 
fact, if we choose the vertex r/>— A p — ip to be the cut point for Fp {A^, A u , A p ) 
and the vertex ip — <f) 2 — ip to be the cut point for Fp (A^ 1 , A u , 2 ), the left 
side of fl38l) is now diagrammatically expressed as 

X X ® + X X ® 
^ v v /i 

which, by making use of ( 1361) . is expanded into 

x >t ® + X X (xT + X )t (g) + X X (xT 

(50) 

Let I be the momentum of the fermion line entering the cut point. The 
symbol on the right of either the second diagram or the fourth diagram 
in the above figure is to be replaced by gR ( / — m) at the right-end before 
moving 75 to the rightmost position. If the factor of ( / — m) at the right- 
end of the second (fourth) diagram annihilates the fermion propagator 
at the left-end, the amplitude so obtained will cancel the amplitude of the 
third (first) diagram. But in our scheme of dimensional regularization, we 
continue to n 7^ 4 after positioning 75 at the rightmost site. This rightmost 75 
may stand between the at the left-end and the (/ — m) at the right-end 
to prevent their annihilation in the trace. In fact, when n^4, the symbol 
should be replaced by the expression 

( 9 R(/-m)) DR = g(/L-mR)=gR(/-m)-g / a75 . (51) 

The last term — g /? a7s in the above is the leftover after the cancellation. 
To evaluate the total amplitude of (1501) by dimensional regularization, we 
only need to take into account the contribution from the leftover terms. 
Furthermore, due to the presence of /£&, only the divergent orders in the 
Taylor series expansion with respect to the external momenta may contribute 
to the n — >• 4 limit. In particular, the leftover amplitude from the second 
diagram of (1501 is 

_ • 3 [ dni m ( 1 „ /- h v /+ h p 
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(49) 



The evaluation of the above amplitude in the limit n - 
by keeping only the T 2 order term to yield the result 



4 is greatly simplified 



(52) 



In figure ( l50i) . the fourth diagram may be obtained from the second diagram 
by the exchange (//, k\) & {v : k 2 ). Therefore, the leftover amplitude due to 
the former diagram is the same as that due to the latter diagram and the 
total amplitude of (149]) in the limit n — > 4 is equal to twice the amount of 

1 ,g 3 e^k lp k 2a , (53) 



An 2 ' 



A" 



which is also equal to — M times thrice the amplitude of T 2 

in (HO]) . We have thus shown that the Ward identity ( |38l) is not satisfied i 
the fermion loops are cut open as in ( T4"9l) . 

The amplitude (A 1 *, A", A p ) obtained by averaging over the three am- 
plitudes corresponding to the three different cut points chosen at the vertices 
of ijj — A^ — ip, ip — A u — if), and ip — A p — ip satisfies the permutation sym- 
metry. The amplitude T\ Yj? {A^ 1 , A u , A p ) so obtained therefore vanishes. 

The amplitude T 2 r^ 1} (A**, A", fa) is convergent and its value, which is in- 
dependent of the cut point chosen, remains equal to (T4"U|) . If we take the 
average of the left-hand side of the Ward identity (|38|) over the three cuts, 



this average value does not vanish but is equal to —MT 2 



A", fa) 



This observation is consistent with the result of (15"3"|) for fT4T?|) and the van 



A", A p ) 



vanishes only 



ishing sum of (T4"2"j) . We have learned that T\ 

if total permutation symmetry is built into its component diagrams. Since 
this symmetry of Bose statistics must be obeyed, we have to pay the price 
of losing the validity of a Ward identity, and conclude that there exists an 
anomaly. 



4.5 Anomaly Compensating Fermion Field 

We have just observed that the ambiguity in choosing the cut point for the 1- 
loop AAA amplitude owes its origin to the singular behavior of its integrand. 
As a result, the Ward identity for this amplitude is not obeyed and there 
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is an anomaly. Let us add to the theory another fermion field ip' with a 
coupling constant —g for ip' L equal to the negative of the coupling constant 
g for ipL. The covariant derivative for ijj' L is 

D lt ^L = (9 ll -igA lt )7l;' L 
in contrast to the covariant derivative for ipi: 

D^ipL = (pn + igA^) ip L . 
The Lagrangian for such a theory is given by 
L' eff = L eff + $ L (i P) ifa + ^ (i />) ^ - v^' (^0t^ + (54) 

where L e ff is defined in f TTol) . Note the coupling /' does not need to be the 
same as the / in (fTUj) and the masses for the two fermion fields may not 
be equal. The amplitude for a 1-loop AAA diagram with a fermion loop 
due to the ifi' field is proportional to (— g) 3 and cancels the logarithmically 
divergent term of the amplitude due to the ip field. Therefore, the 1-loop 
AAA amplitude in the theory with the additional ip' field is convergent and 
cut point independent. The theory of (j54j) is free of the 1-loop anomaly. 

4.6 Two-Loop Diagrams with External Fermion Fields 

For the theory of (j5"lj) with the anomaly compensating fermion field ip', we 
have shown that all one-fermion-loop diagrams are convergent and are well 
defined in the limit n —>■ 4. But there are O (n — 4) terms stemming from 
different positioning of 75 on the fermion loop. These O (n — 4) terms may 
not be ignored if the fermion loop is embedded as a sub-diagram in a divergent 
diagram that may give rise to a pole term factor. 

At 2-loop order, divergent 1PI diagrams with a fermion loop that may 
be plagued by 75 ambiguity are the fermion self-energy, vertex correction, 
three point AAA and four point AAAA diagrams. The fermion self-energy, 
as shown below, is a diagram with two internal lines attached to a fermion 
loop and to an open fermion line. 




(55) 
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The amplitude for the fermion-loop sub-diagram in the above, having at most 
two indices and one momentum available, does not have sufficient indices to 
form a Levi-Civita tensor term. Consequently, rightmost positioning of 75 on 
the open fermion line ensures that the regularized amplitude for the above 
diagram obeys all the relevant Ward identities. 

The vertex function is logarithmically divergent by power counting. Only 
its T term may be ambiguous. A triangular fermion loop, with zero mo- 
mentum for one of the three fields attached, will not have enough indices to 
form a Levi-Civita tensor term unless all the fields attached to the fermion 
loop are vector fields. At 2-loop order, only the following diagram with a 
sub-diagram of a triangular fermion loop attached by three vector fields may 
be ambiguous. 




(56) 



If the cuts for both the triangular ip and ip' fermion loops are made at the 
same point, the divergence due to the ip fermion loop cancels the diver- 
gence due to the ip' fermion loop and only convergent terms proportional to 
the mass difference between ip and ip' may survive in the amplitude for the 
fermion loop. With this synchronized choice of cut points for both ip and ip' 
loops, the 2-loop vertex-correction diagram of (j5"6"|) is convergent and satisfies 
all the relevant Ward identities. 

We are left with the possibility that only the type of 2-loop diagrams 
with a fermion-loop sub-diagram but without external fermion lines may be 
ambiguous. For this type of diagrams, a 75 positioning prescription that is 
able to preserve the validities of Ward identities will be given. Let us first 
deal with the 2-loop triangular diagrams in the following section. 

4.7 Two-Loop Triangular Diagrams 

We now proceed to construct the triangular Ward identity at the 2-loop 
order. To simplify the presentation in this section, we will only consider the 
subset of 2-loop triangular diagrams with one fermion loop and one internal 
vector meson line. Other types of 2-loop triangular diagrams can be handled 
similarly without additional difficulty and will be addressed in the Appendix. 
For this restricted type of diagrams, the triangular Ward identity is the 
identity that equates the sum of amplitudes for the following 12 diagrams to 
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zero. 




(57) 

In the above figure, the fermion loop is the arrowed loop and the wavy lines 
are vector meson lines. These 12 diagrams are also the ones generated by 
attaching the composite (x) vertex in all possible manners consistent with 
Feynman rules to the following three generator diagrams: 




To preserve the permutation symmetry, we will not use cut points at the 
vertices connecting to external fields in order not to give an asymmetric 
treatment to any of the external fields. For convenience, cut point positioned 
at a vertex connecting to an external field line is called illegitimate, otherwise 
it is called legitimate. For the diagrams in (1571) . cut points at jj£ , ^ or (x) 
vertices are illegitimate. Because we do not position 75 inside a self-energy or 
vertex-correction sub-diagram on an open fermion line in our prescription, it 
is also appropriate to avoid cutting the fermion loops at improper positions. 
Furthermore, according to Corollary H] of Theorem [21 cut points chosen at 
the endpoints of fermion lines are sufficient for the purpose of evaluating 
regularized Levi-Civita tensor terms. For each of the 12 diagrams in (|57|) . 
there is one and only one cut point that is proper, legitimate and located at 
the end of a fermion line. 

Any of the three generator diagrams in (158]) may be cut open at the 
endpoint of a fermion line and then used as a cut generator to construct a 
Ward identity with four component diagrams. For example, the cut point 
indicated by the arrow on a dotted line for the first diagram in (158j) gives the 



2(3 



cut generator 



XX* 4 

P v (59) 

By attaching (x) in all possible manners that are consistent with Feynman 
rules to the above generator, we obtain the following four proper diagrams: 

-® X X — X-® X ^X - X X ®-^X X x 

(60) 

Using fl36|) and fl37|) repeatedly, the above expression can be reduced to 

X X ^— ^ - X X ^h g) 



(61) 



If we identify / (£\, £2) as the Feynman integrand for the last diagram, where 
£2 is the momentum of the vector meson line and £\ is the momentum of 
the leftmost fermion line, the Feynman integrand corresponding to (16T|) is 
the difference of two terms related by a shift of the loop momentum £\. 
Specifically, this sum is 

f(£i-h,£ 2 )-f(£i,£2) (62) 

which vanishes upon carrying out the integration J d n £\d n £2 under our scheme 
of rightmost 75 dimensional regularization. The sum of amplitudes for the 
four diagrams in fl60l) therefore vanishes. In (158]) . the exchange (fi,ki) <^ 
(u, k 2 ) transforms the first diagram into the second diagram and thus the 
corresponding identity generated by the second diagram has the same compo- 
nent diagrams as those obtained from (I6"U|) by making the exchange (/1, k\) 
(v, h)- 

Unlike the first two diagrams in (|58l) . no proper cut point is available for 
the third diagram. Making the cut at the position pointed by the dotted 
arrowed line for the third diagram in (1581) . we get the cut generator 



X =* X 

A* v (63) 
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that yields the identity 



-® X X-® M(V X r (x>^+ X ^X (xp= 

V \l V \i V \i V 

(64) 

For the first two diagrams in the above, the cut points are proper. But 
for each of the last two diagrams, if we reconnect the beginning point and the 
endpoint of the open fermion line to restore the original fermion loop, we see 
that there is a sub-diagram of radiative correction for the vertex ip — A^ — ip. 
The cut point, being the endpoint of the fermion line in this vertex correction 
sub-diagram, is improper. For convenience, from here on in this section, we 
will identity S as the sum of the last two diagrams in (164"|) . The sub-diagram 
of radiative correction for the vertex ijj — A^ 1 — ip in each diagram of S will 
be denoted by H. 

For both diagrams in S, if the improper cut point inside H is moved out 
of H to the endpoint of the fermion line connecting to H, the relocated cut 
becomes proper and S becomes 



v \i v fi (65) 

Since all the fermion lines and vertex factors sandwiched between the original 
cut points in S and the relocated ones in (I65p lie within the sub-diagram H, 
the difference between S and 065)) may be expressed as a combination of 
terms with 7a factors stemming from the matrix product in H. These 7a 
factors cannot be ignored if they are multiplied by pole terms arising from 
divergent loop integrations. Although both (165!) and S appear divergent, 
we will nevertheless be able to demonstrate shortly that their regularized 
amplitudes differ only by terms of O (n — 4) and are equal in the limit n — > 4. 
Making repetitive use of fl36l) and fl37|) . S can be transformed into 



X M x>^ + X > X (x) 
H v [iv ( 66 ) 

There is a similar transformation for (165]) . The pole terms generated from 
the loop integration of the sub-diagram H only occur in the T term of 
H, denoted by To [if], which is the amplitude of H with all the external 
momenta relative to H set to zero. If we substitute Tq [H] for H in each 
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diagram of (JBBJ), the resulting amplitude for the entire diagram, depending 
only one external momentum fc 2 and two external polarizations /i and v, 
does not have sufficient indices to form a Levi-Civita tensor term. Thus the 
pole terms of H do not contribute to fl66l) or S. Similarly, the pole terms of 
the vertex-correction sub-diagram do not contribute to fl65|) . The remaining 
possibility for the survival of the 7a factors in the limit of n — > 4 is that they 
are multiplied by some pole terms due to the overall divergence of the entire 
diagram. 

In the Taylor series expansion with respect to the external momenta for 
S, only the second order term denoted by T 2 [S] may have divergent Levi- 
Civita tensor terms. If the composite vertex (x) in S is replaced by the 
vertex ^ , the two diagrams of S become two of the component diagrams 
associated with the A p — A u — A p amplitude. This amplitude denoted by 
S p , as can be examined diagrammatically, is symmetric with respect to the 
exchange (z/, k 2 ) (p, k 3 ). Only Ti [S p ], the 7\ term of this AAA amplitude, 
may have divergent term proportional to e pupcr [k 2a ~~ %t) to contribute to 
the pole terms of S. Let T p (£, k\) be the amplitude for the sub-diagram 
of H in S where £ is the fermion momentum entering H. Because T\ [S p ] 
is invariant under (z/, k 2 ) (p, k 3 ), if H is expanded in a Taylor series with 
respect to the variable fci, only the term T p (£, 0) without any power of k\ may 
have a non- vanishing contribution to T\ [S p ]. Thus the pole terms of S are 
not altered if T p (£, 0) instead of T p (£, k\) is substituted for the amplitude 
of H. Furthermore, the transformation of S into fl66l) by the use of (1361) 
and fl37|) is independent of the expression for the sub-diagram H . With 
Y p (£, 0) substituted for /ex), the amplitude for the T 2 term of (166|) . 

with i identified as the momentum of the fermion line leaving the ip — A v — ip 
vertex, is proportional to 



To 



Tr [ d n £ [V (£ + h, 0) - {£, 0)] L-^—^L—^- R 

J Jt — m jt— Jk 2 — m 



in which all the 75 factors are supposed to be consolidated and positioned 
at the end of the fermion line inside H. In the power series expansion of 
(£ + /C3, 0) — (£, 0) with respect to the variable /C3, the symmetric tensor 
k^pk^a in the second order term cannot have non-zero contraction with the 
antisymmetric Levi-Civita tensor e pupa . Only the term linear in k% may have 
non-zero contribution. Thus the pole terms of S are contained in 



hpTi 



o£ p jt — m Jt— fa — Tn 



(67) 
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Next, consider the following 1-loop Ward identity that relates the fermion 
self-energy insertion X (£) to the radiative vertex corrections of if) — 02 — 4> 
and if> — N 1 — if): 




In each of the above three diagrams, the 75 position, as marked by an arrow 
on a dotted line, is chosen to be the endpoint of the fermion line connecting 
to the internal vector meson line. Since the 1-loop vertex correction for 
if) — 2 — if; is proportional to the fermion mass m and is convergent, the 
identity (1681) may be written as 

igTi {£ + k) — ik^T 11 (£, k) — igU (£) = terms proportional to m 

where (£, k) is the amplitude for the 1-loop vertex correction of if> — A^ — if). 
In the limit k — > 0, the above identity yields 

d 

(£, 0) — g—— s L {£) = terms proportional to m 

The terms on the right-hand side in the above will not contribute to any pole 
terms because the mass factor m lowers the degree of divergence not only for 
the vertex correction sub-diagram but also for the entire diagram. Thus the 
term ^gf' ^ in (167|) may be replaced by g ^f^} , which is symmetric under the 
interchange p). Since the e^ upa tensor is antisymmetric under (/i <-> p), 

(I67p must vanish and the occurrence of pole terms in 5* is prohibited. In a 
similar manner, (|65|) can be shown to be convergent. We have thus shown 
that there is no divergent pole term to prevent the difference between ( 1651) 
and S from vanishing in the limit n — ► 4. 

Note that the first two diagrams in (1M|) after the (p, ki) (u, ^2) in- 
terchange become the two diagrams in (1651) which are equal to the last two 
diagrams in (|64"|) when n — > 4. The identity (|64"|) thus leads to the result that 
the amplitude of (1651) after the symmetrization of (p, k\) (u, A^) will vanish 
in the limit n — > 4. Knowing that (l60l) vanishes, the sum of amplitudes sym- 
metrized with respect to the interchange of (p, ki) ^ (u, k 2 ) for the 6 proper 
diagrams consisting of the four diagrams in flBT)]) and the two diagrams in 
( |65|) also vanishes. Since none of the external fields is given a preferential 
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role, the Ward identity constructed will not contradict the Bose permuta- 
tion symmetry, i.e., the cut diagrams for the AAA amplitude obtained by 
replacing the composite vertex (x) with the vertex ^ in all the 12 properly 
cut diagrams for (l5Tj) are symmetric with respect to the permutation of the 
three external vector fields A^, A u and A p . 

In the 1-loop case, one of the three external vertices must be used as the 
cut point and we have shown it is impossible to construct a set of diagrams to 
satisfy both the triangular Ward identity and Bose permutation symmetry. 
For the two-loop diagrams we have discussed here, there is the additional 
freedom of choosing proper cut points at a vertex connecting to the internal 
vector meson line. As a result, we are able to construct diagrams that satisfy 
both the triangular Ward identity and Bose permutation symmetry. 

The AA(p 2 function is superficially convergent and its renormalized am- 
plitude can be calculated with any convenient choice of proper cut point 
according to Theorem [TJ Since the 2-loop triangular Ward identity can be 
regularized and renormalized by minimal subtractions without violating Bose 
permutation symmetry, the T 2 term of the renormalized AA<j) 2 amplitude can 
be expressed as a linear combination of the T\ term of the renormalized AAA 
amplitude. Knowing that T\ \AAA\ vanishes on the sole account of permu- 
tation symmetry, T 2 \AA§ 2 \ must vanish as well. This condition has been 
verified by direct calculation [28] without using dimensional regularization. 

4.8 Two-Loop TV-Point Diagrams with N > 3 

A TV-point Ward identity can be generated by attaching the composite vertex 
(x) to a (N — l)-point generator diagram. As before, if only proper and 
legitimate cut points are used, the corresponding iV-point Ward identity 
can be regularized without anomaly. Unlike the absence of a proper and 
legitimate cut for the third generator diagram in (1551) with two overlapping 
vertex corrections, it is always possible to locate a proper and legitimate 
cut point on the fermion loop for a 2-loop (N — l)-point generator when 
N > 3. For this reason, the corresponding regularized iV-point Ward identity 
can always be satisfied by component diagrams obtained with proper and 
legitimate cut points. Furthermore, the amplitude for the Levi-Civita tensor 
terms of a iV-point 1PI function with N > 3 is superficially convergent and 
according to Theorem (H its renormalized amplitude can be calculated with 
any convenient choice of proper cut point. 
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5 Standard Model 

The gauge group for the standard model [29] is SU (3) x SU (2) x U (1) with 
three kinds of vector gauge bosons: G^' a , a = 1, 2, ..8 for SU (3); W^ ,a , a = 
1, 2, 3 for SU (2); and for t/ (1). Let S a , a = 1, 2, ..8 and T a , a = 1, 2, 3 be 
the traceless and Hermitian generators for SU (3) and S't/ (2) in the adjoint 
representation. They are normalized as 

Tr (S a S b ) = -5 ab , Tr (T a T b ) = -5 ab (69) 

and the commutators are 

[S a ,S b ] = if abc T c , [T a ,T b ] = ie abc T c 

We choose T a = ^ as the 5C/ (2) generator with a a being the Pauli matrix. 
Define the matrix fields 

8 3 

= G%S a , W = W a Ta 

a=l a=l 

and the covariant derivatives 

for SU (3) , SU (2) and U (1) with coupling constants gs,gw and gn respec- 
tively. Let 

G»» = — [D%, D s ) = d»G v - d v G» + ig s G u ) , 
Ws 

W» v = — [D^, D v w \ = d»W v - d v W» + ig w [W, W v \ , 
igw 

and 

= — [D'i, D V B ] = d»B v - BTB". 
The Lagrangian for the standard model without including matter fields is 

L x = - l -Tr (G^Gn - -Tr (W^W^) - -B^ v (70) 
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where the Higgs is a two component complex scalar field coupled to W and 
B gauge bosons with 

= {&* + igwW» - ig B B^) 
is assumed to have the vacuum expectation value: 



(4>) 



V2 





v 



Express m terms of four real components H and a , a = 1, 2, 3 



i<Px + 02 

y/2 [ H + V - 203 

where is defined as 



1 



— (H + v + i<j) a a a ) 



a, & 


= 1,2. 


3: 


' " 




" " 


1 


= 


1 



(71) 



-j= (H + V + i4> a <?a) 



Note that 



" 1 " 


1 





~V2. 



H + v + i<f) 3 
i<fii ~ 02 



ia 2 



1 

V2 



i(j>\ + 02 
H + v - i(j) 3 





" " 


) = io-20* 


1 



Under a S't/ (2) x U (1) transformation 




1 



and, since (icr 2 ) a* = —a(ia 2 ) 



e -igwOaT ae ig B x 





1 



(72) 



1 





ia 2 e i9w6aT «e- i9BX (p* 




1 



e -ig w S a T a e ~ig B X, 



1 




(73) 



The Lagrangian (1701) is invariant under the following BRS variations with 
Grassmann ghost fields £ s = Y? a =i£s Sa > £w = Eo=i £w Ta > Cs as the pa- 
rameters for the SU (3), SU (2), {7 (1) groups: 



5G» = [Dg, &] , 8W* = [D&, £ w ] , 5B^ = d^ B , 
= -i (g w £ w - g B £ B ) 



(74) 
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The gauge fixing and corresponding ghost terms [27J in the pure alpha gauge 
are 

L gf = -—Tr (d,Gn 2 ~ —Tr {d,W»f ~ ^~ ( W (75) 
as aw 

+ 2Tr (i Vs 5 (dpG")) + 2Tr (ir) W 8 {d^W)) + ir) B 8 (d^) 

where r] S , r/ w , r\ B are the anti-ghosts corresponding to £5, ^Wi £s and the 
BRS variations for ghost and anti-ghost fields are 

SCs = f f abc Zks, 5Cw = ^fe abc e w Cw, *£b = 0, 

as aw a B 

There are three generations of fermion matter fields consisting of quarks 

and leptons 

/ Vp. \ ( V„, \ ( Vt 



e j \ \i j \ r 

Note for simplicity, we have suppressed the color indices of quarks. Note also 
we have assumed the existence of right-handed neutrinos. In this formalism, 
right-handed neutrinos are free fields if they are massless. We will use the 

notation ipi — I * d indexed by i to denote one of the above fermion fields. 



. V? 

The gluons couple only to the quark fields with equal strength for left- 
handed and right-handed quarks. W and B gauge bosons couple to both 
left-handed quarks and left-handed leptons. The right-handed fermion Ript 
is a SU (2) singlet and thus is not coupled to W. The covariant derivative 
for a left-handed quark is 

Dq^Lipi = (&> + ig s G» + ig w W» - iY m B») Lipi (76) 

and that for a left-handed lepton is 

D^ L I4i = (3" + igwW - iY i9B B») Lipi (77) 

where Yj is the weak hypercharge. The weak hypercharge for the right- 
handed fermions must also be (Yi + 03) g B so that the electric charges for 
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the left-handed and right-handed fermions are the same [3Q ] [3TJ . Thus, the 
covariant derivative for a right-handed quark is 



D^Wi = {d» + ig s G» -i(Y l + a 3 ) g B B») Rfa 



(78) 



and that for a right-handed lepton is 

Df R R^ = (&>-i (Yi + a 3 ) g B B») 



(79) 



It is known that Yi = — 1 for all leptons and Yj = | for all quarks. If Yi is 
summed over the fields of lepton and quarks with 3 different colors in each 
fermion generation, we get 



5> = -l + 3x (T) =0 



(80) 



This vanishing result plays a key role, as will be illustrated below, in the 
cancellation of anomaly for divergent one-fermion-loop diagrams. 

The transformations (1721) and (!73|) for <p can be utilized to show that the 
following four types of Yukawa terms 




1 




1 



i 
o 



t 



1 




are gauge invariant provided the ipi and ipj fields in the above have the same 
weak hypercharge. The Yukawa interaction for quarks can be written as 



Lyq = - ^ V% (ipJij^Lipj + ipi 



(81) 



quarks 



where the summation is over the three different flavors of quark fields for 
both ipi and tpj and 



o ff 



(82) 



is a 2 x 2 diagonal matrix. If we combine the three flavors of quark fields ipi 
with i = 1, 2, 3 into a large field ^ q such that the ith component of is ipi, 
then Lyq in (IHTI) may be written as 



l yq = -V2 (*J q ftL% + vjftm. 



(83) 
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with 



where /" and ftf are 3x3 matrices whose ij elements equal to f~ and f£ in 
respectively. 



The Yukawa interaction for leptons does not have terms with mixed gen- 
erations and is equal to 



J YL 



fofifttyi + ipdfiRip, 

leptons (i) 



(84) 



where the matrix 



fi 



(85) 



ft o 

o ft 

is real and diagonal. The gauge invariant Lagrangian for the fermion fields 
is 



l f = ^ 9 (i p q>L ) m> q + y q (i p q>R ) m q + l yq 



(86) 



leptons (i) 

which yields the free Lagrangian: 



r(0) 
F 



^ q (i jd - m q L - m\R) ^ q + ^ ( z P ~ ™0 ^ 



(87) 



leptons (i) 

In the above, the mass matrices for leptons and quarks are 

m? 



and 



rrii 



mf 



rhg 



rh 



vfi 



Vfa 



(88) 



(89) 



i J 

d _ „,fd 



The lepton masses are mf = vf™ and mf = vff for ipf and ?/>f respectively. 
Note if mf = for neutrino field ^ with = —1, then the corresponding 
right-handed component Ripf only occurs in the free Lagrangian flHTl) and 
does not interact with any other field components. 
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5.1 Charge Conjugation in the Standard Model 

The Lagrangian flTOj) is invariant under the transformation 

(vsT 
- ivwT 

Since 02 is an imaginary matrix while both <j\ and 03 are real. The fields 

are invariant under the charge conjugation transformation and are C-even. 
The remaining fields 

£ B , Vb, W?, e w , Vw, 0i, Wg, e w , Vw, 03 

are C-odd. Theorem [2] and Corollaries [3]|1] in Section 14.11 can be straight- 
forwardly extended and proved for the standard model. As in the Abelian 
gauge theory, only C-odd amplitudes with fermion loops may contribute to 
the violation of Ward identities in the standard model. 

5.2 One-Loop Order in the Standard Model 

There are many kinds of fermion fields in the standard model. We shall re- 
quire that all the cut points are synchronized at the same position for the 
fermion loops that differ only in the types of fermion fields but are otherwise 
equivalent. At 1-loop order, only the amplitude for a C-odd fermion loop 
attached by three or four external vector fields may have logarithmically di- 
vergent Levi-Civita tensor terms. For such a fermion loop in the standard 
model, the amplitude for the difference stemming from changing the mass 
matrix m, which may be either or m q in (18 7p . of a fermion propagator 
in the loop to another value, say m , is convergent because terms in the dif- 
ference are proportional to (rh — mo) which lowers the degree of divergence 
and ensures that the accompanying integrals are convergent. Thus, to cal- 
culate the part of amplitude that is divergent for a fermion loop, we may 
assume that all the fermion propagators in the loop have a uniform mass rriQ. 
The fermion propagators then become diagonal and the divergent part of the 



W^-{W^Y,Cw^-^w)*,Vw 
B"^-B»,S B ^-S B ,ri B ^-riB 
4> — > d>* or 6 — » (b* 
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amplitude for the fermion loop is proportional to the product of the vertex 
isospin factors on the loop. 

Since the generators S a , a = 1,2. .8 for SU (3) and T a , a = 1,2,3 for 
SU (2) are all traceless, the amplitude for the fermion loop with only one G 
or one W among the attached vector fields is convergent. If there are two G 
or two W attached to the fermion loop, the isospin indices for both G or both 
W, according to ([55]) . must be the same to prevent the trace of the isospin 
factors from vanishing. Furthermore, since the gluon's coupling to the left- 
handed quarks is the same as that to the right-handed quarks, there is no 75 
in the vertex factor of ip — G — ip and it is not possible for the amplitude of 
the fermion loop to have Levi-Civita tensor terms when all the external lines 
are G field lines. For the C-odd functions with at least one external G fields, 
we are left with the possibility that only GGGB and GGB may be divergent. 
According to fl76|) - (|79|) . the vertex factor for ^ — B^ — ipi may be expressed 
as 27^ (Yi + (T3-R) qb- Hence in GGGB or GGB, there is only one 75 which 
appears together with the 03 matrix in the vertex factor of ijj — B — ip. Since 
(T3 is traceless, both GGGB and GGB are in fact convergent. 

We have shown that in order to have a divergent amplitude for a C-odd 
fermion loop, there must not be any external G vector field. WWWW and 
WWW are two such functions that are also void of external B field. To 
have a non-zero trace for the SU (2) isospin factors, the four Pauli matrices 
associated with the four vertices for the WWWW function must be paired 
into two pairs and the product of the three Pauli matrices for the WWW 
function must be proportional to axu^oj,. Consequently, both WWWW and 
WWW are C-even and are free of Levi-Civita tensor terms. To have a 
divergent amplitude of Levi-Civita tensor terms, there must be at least one 
external B field attached to the fermion loop. We are left with the following 
C-odd functions that may be divergent: 

WWWB, WWB and BBB. 

Note WBB is excluded from the above because the Pauli matrix associated 
with the vertex isospin factor for W is traceless. Since W is not coupled to 
the right-handed fermions, only the gsYi coupling of left-handed fermion to 
B in (T76l) or fT77|) may contribute to the divergence of WWWB or WWB. 
But if we sum over the Yi for all lepton and quark loops, the result vanishes 
according to flHUl) . For the BBB function, as can be seen from fl76|) - (|79|) . 
the left-handed fermion loop contributes a factor Tr (gsYi) 3 while the right- 
handed fermion contributes —Tr (g B (Yi + cr 3 )) 3 (the negative sign is due to 
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the different signs of 75 in L and R). The sum of these two factor is propor- 
tional to Yi. 

Tr (qbY,) 3 - Tr (g B (Y t + a 3 )) 3 = -Tr (3g B Y^) 

Again the vanishing sum of (180j) indicates that the divergent part of BBB 
vanishes if contributions from all loops of leptons and quarks are added to- 
gether. 

We have thus shown that the amplitudes for all 1-loop diagrams are well 
defined regardless how we position the cut points provided that we have 
synchronized the cut-point positions for all the fermion loops with identical 
external fields. Furthermore, for a triangular fermion loop attached by three 
vector fields, the amplitude after the cancellation of divergent terms either 
vanishes or contains a (m — mo) factor. If such a fermion loop is embedded 
as a sub-diagram in a larger diagram, this factor of (m — mo) also effectively 
lowers the degree of overall divergence for the entire diagram to a value less 
than the one indicated by naive power counting. 

5.3 Two-Loop Order in the Standard Model 

As in the Abelian-Higgs theory, the amplitude for the 2-loop fermion self- 
energy of (|55[) is unambiguously defined because the fermion-loop sub-diagram 
in (I55p does not have sufficient indices to give a Levi-Civita tensor term. For 
the 2-loop vertex correction (156]) . only the To term may be ambiguous. Unless 
the three vertices on the fermion-loop sub-diagram in (!56l) are all connected 
to vector fields, no Levi-Civita tensor term is possible due to the insuffi- 
ciency of indices when one of the three incoming momenta for the fermion 
loop is zero. We have shown in the preceding section that the contribution 
of the Levi-Civita tensor terms from a triangular fermion-loop sub-diagram 
attached by three vector fields to the entire diagram of fl56|) is actually conver- 
gent, as opposed to being logarithmically divergent by naive power counting, 
and is unambiguously defined. Thus there is no 2-loop anomaly for any 
one-fermion-loop diagram with external fermion lines. At 2-loop order, one- 
fermion-loop diagrams without external fermion lines are the ones that may 
invalidate the Ward identities. 

There are three kinds, corresponding to the three gauge groups SU (3), 
SU (2) and U (1), of composite vertices that may be attached to fermion 
lines in the standard model instead of only one kind defined in (1331) for the 
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Abelian-Higgs theory. The vertex factors for these three composite vertices 
are defined in the following: 

-g s S a A a = 1,2, ..8 (90) 
{cr a ]kL - ma a L + a a rh ] R) , a = 1, 2, 3 (91) 

g B ( / k(Y i + a 3 R) + a 3 mL - m V 3 #) (92) 

With the above definitions, the graphical identity fl36l) for the Abelian-Higgs 
theory can be generalized with any of the above vertices in (I90l) - fl92l provided 
that the combination of (x) with the arrowed double line is defined as in the 



following lookup table: 












*-® = -wsS a 




= igsS a 












= i*fa a R 








^x) = ig B (Y l + a 3 R) 


0^ 


= -ig B (Yi + a 3 L) 



As in the Abelian-Higgs theory, we construct the component diagrams for 
a Ward identity by attaching (x) in all possible manners consistent with 
Feynman rules to a cut generator diagram. For a 2-loop generator with three 
or more external lines, a cut point that is proper and legitimate is always 
available to generate component diagrams whose cut points are all proper 
and legitimate. 

Only a generator, such as the third diagram in (1581) . with two overlapping 
vertex corrections may generate a 2-loop triangular Ward identity containing 
both proper and improper component diagrams. For an improper component 
diagram, moving the cut point to a proper position will result in a difference 
that is composed of terms with 7a matrix factors. In this difference, the mass 
matrix for every composite vertex and for every fermion propagator may be 
changed to a uniform value mo so that all vertex isospin matrix factors may 
be moved and placed together. The verification that the difference between 



<8> = 

da 

® = 
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(I65p and the sum of the last two diagrams in (1641) is O (n — 4) for the Abelian- 
Higgs theory in Section 14.71 can now be straightforwardly carried over to the 
standard model, without being hindered by the isospin factors, to show that 
neither the sub-divergence of the 1-loop vertex correction nor the overall 
divergence is capable of resurrecting the 7a terms in the limit n — > 4. 

Finally, let us note that if the composite vertex (x) is attached to a vector 
field line in a generator, a term involving ghost-vector vertex may emerge. 
For example, the W P W^W P vertex factor times the incoming momentum 
for W£, is proportional to 

e abc [{g vp p 2 -p v p p )-(g vp q 2 -q v q p )] 

where p, q are the incoming momenta for W£, W§. The terms proportional 
to p u p p and q v q p are related to the ghost-vector vertex and may yield a (x) 
vertex connecting to the fermion line whose endpoint was originally chosen 
as the cut point. The (x) vertex for either diagram in (14"9|) is adjacent to such 
a cut point that gives rise to a leftover term involving /a, as indicated by the 
last term of (|5T|) . where I is the fermion momentum entering the (x) vertex. 
We have shown that such leftover terms invalidate the 1-loop triangular Ward 
identity for the Abelian-Higgs theory of ( fl6l) . But for the theory of ( 1541) with 
an additional fermion x/j', we have also shown that the leftover terms due to 
the two fermion loops of ip and ip' cancel out. For the standard model, the 
sum of the 2-loop leftover terms from all lepton and quark loops, as will be 
demonstrated in Appendix [Bj also vanishes in the n — > 4 limit. 

To summarize, we have shown that by adopting legitimate and proper 
cut points, all the 2-loop Ward identities in the standard model remain valid 
under the rightmost 75 dimensional regularization scheme. 

6 Conclusion 

In this paper, we have found a simple and natural way to treat 75 in dimen- 
sional regularization: moving all 75 matrices to the rightmost position before 
analytically continuing the dimension. For amplitudes corresponding dia- 
grams without fermion loops, the amplitudes obtained with our prescription 
automatically satisfy the Ward identities without further ado. 

The rightmost position on a fermion loop is not defined. For this reason, 
we introduce the concept of a cut point. We have found that the choice of 
a cut point often conflicts with gauge invariance. From this vantage point, 
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this lack of a rightmost position is what breaks the Ward identities, leading 
to triangular anomalies. 

Applying our prescriptions to 1-loop triangular amplitudes, we reproduce 
correctly the value of the triangular anomaly, verifying that our prescription 
is applicable to diagrams with anomalies. For the Abelian-Higgs theory fl54l) 
with an anomaly compensating fermion field or for the standard model, sum 
of 1-loop anomalies vanishes. For these two theories, the Levi-Civita tensor 
terms for the amplitude of a one-fermion-loop diagram is convergent and cut 
point independent as the limit of n — > 4 is taken, provided that all the cut 
points are synchronized at the same position. 

For a 1-loop fermion self-energy diagram or a 1-loop vertex correction 
diagram, positioning 75 within the divergent 1PI diagram gives an amplitude 
differing from the amplitude obtained with rightmost 75 by a finite amount, 
even after subtraction of pole terms. Thus for a 2-loop diagram with a 
fermion loop and with a 1-loop self-energy insertion or a 1-loop radiative 
vertex insertion, we do not assign a point inside a divergent 1-loop sub- 
diagram as a cut point. Furthermore, in order not to give a preferential 
role to any of the external lines, we do not choose the point of the vertex 
connecting to an external field line as a cut point. We have shown that 
this prescription of utilizing proper and legitimate cut points enables us to 
regulate all amplitudes in a gauge invariant manner, and the use of minimal 
subtractions then gives renormalized amplitudes for all diagrams up to two 
loops. These renormalized amplitudes in the Abelian theory of (jB^|) and in 
the standard model satisfy Ward identities or gauge symmetry. 

In the BM scheme, simply removing the pole terms from the amplitudes 
of 1-loop diagrams does not yield renormalized amplitudes that satisfy Ward 
identities. Instead, some finite renormalization terms have to be added. 
These finite counter terms are determined from restoring the validities of 
1-loop Ward identities. For the standard model, implementing this finite 
renormalization in practical calculation is already a daunting task at 1-loop 
order. To make the matter worse, restoring the validities of 2-loop Ward 
identities in the BM scheme require another round of finite renormalization, 
which is much more complicated than the first round at 1-loop order. 

In contrast, we are spared the tedious finite renormalization procedures 
for 1-loop or 2-loop amplitudes obtained with our rightmost 75 scheme. Fur- 
thermore, since all the 75 matrices are moved to and consolidated at a single 
position before continuing the dimension in our scheme, the burden of eval- 
uating the matrix products or trace of matrix products is considerably less 
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than that in the BM scheme. In our opinion, this rightmost 75 prescription 
is the simplest scheme available for calculating amplitudes in gauge theories 
involving 75. 



Appendices 

A Green Functions and Ward Identities 



In the main context, we only consider Feynman diagrams in which the non- 
fermion internal lines are the vector meson lines. To handle other types of 
diagrams, we will make use of Green functions. 

The Green function G is the vacuum expectation value of a time-ordered 
product. Specifically, 



G (Oi (xi) , 2 (x 2 ) , ...O n (x n )) = T (Ox (21) 2 (x 2 ) ...O n (x n )) , (93) 



where the operator (x«) is either a field operator or a product of field 
operators at the same space-time point The connected Green function, 
denoted by G c , is 



We need a notation to indicate that some external lines of a Green func- 
tion are amputated. To denote a truncated external line, we underline the 
corresponding field variable in the Green function, i.e., 



where the propagator D (<^j, tpj) is also the two-point Green function, 



Note that in (194"|) the space-time dependence of the field variable tpi is lumped 
into the index i and the Einstein summation convention for the repeated 
index j is extended to include summation over all possible field types and 



G c (...) = all connected diagrams of G (...) 




(94) 



D (<Pi,<Pj) =G(¥>i,¥ } j) ■ 
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integration of space-time points. The fully truncated Green function T is the 
connected Green function with all field variables underlined. 



r Oi, if 2 , (fin) = G c ( <P!,<P2, ...,<p n ) 

In particular, T (<pi, (pj) is the inverse propagator. 

r (ipi, ^ = g Lfj ) = d~ 1 (ifj, <pi) 

For a composite operator O, which is a product of field operators at the same 
space-time point, we define 

Note that to avoid misinterpretations, O is forbidden to be a single field 
operator in the above identification. The tree order part of a Green function 
F, which may be any of the above G, G c or T function, will be denoted by 
the notation F^ with the superscript (0). The Fourier transform of a Green 
function F is labeled by an additional group of momentum variables and is 
related to its counterpart in the coordinate space by 

F {<fi Ol) , V?2 (X 2 ) ,...,ip n On)) 



(27r) 4 (27r) 4 (2tt) 4 

where k\ + k<i + ... + k n = 0. We will omit the momentum variables k\,k2---k n 
for the Fourier transform if there is little chance of confusion. 



A.l Basic Graphical Identities 

The BRS invariance leads to a number of Ward identities which form an 
important part of the foundation on which renormalizability is based. These 
identities can be formally derived in the following way. The vacuum state 
|0 > in the theory satisfies 

Q|0>=0 (95) 

where Q is the BRS charge. The commutator (anticommutator) of iQ with 
a non-ghost (ghost) field is equal to the BRS variation of the field. Because 
of fl95l) . we have 

T{0\iQ Vl ( Xl )<p 2 (x 2 )...|0) = 



44 



where ifi is a field operator. By moving iQ to the right until it operates on 
|0 > and vanishes, we get 

T(0\5(i Pl (x 1 )<p 2 (x 2 )...)\0) (96) 
= T (0 \5<p! (xt) ip 2 (x 2 ) ...| 0) ± T (0 \<p x (x 1 ) 5ip 2 (x 2 ) ...| 0) ± ... = 

The relative sign between terms is determined by the positions of the ghost 
fields. The above BRST identity is formal and its renormalized version may 
not be satisfied when anomaly exists. But the tree order terms are finite and 
always satisfy the BRST identity provided the Lagrangian is BRS invariant. 
To facilitate the discussions for higher loop order terms, we will introduce 
graphical notations for some basic tree order identities. For simplicity's sake, 
let us start with the Abelian-Higgs theory with the Lagrangian ([TBI) . 

The BRS variation for any field variable ip (x) in (fT3l) may be decomposed 

as 

5 <f (x) = dxf (x) + 5 2 ip (x) , (97) 

in which Sif (x) is a linear superposition of field variables and 5 2 ip (x) is 
a product of the ghost field £ (x) and another field variable at the same 
space-time point x. For the Abelian-Higgs theory, non- vanishing 5\ip are 
5 1 A 11 = d^C, and Si(f) 2 = — M£, and non- vanishing 5 2 ip are 5 2 H = g£,<p 2 , 
S 2 (f> 2 = -g£H and 6 2 tp L = -ig£ip L - 
By (J9~5j) . we have 

T (0 \(5 V (z)) Vi \ 0) (0) = T (0 \ V (z) 5<pi\ 0) (0) = (v (z) , £ {z')) (98) 

where the subscript and superscript (0) refer to tree order terms and 9S ^p 
is a constant or constant operator. Next, let us assume that fj and fk are 
non-ghost fields. Then fl9"B"l) yields 

T (0 \(5 V (z)) if^ 0) (0) = T (0 \ V (z) (%) f k \ 0) (0) (99) 

+ T(Q\ri(z) ( p j (5(p k )\Q) i0) 

According to the definition (I94p for the Green function with underlined ar- 
guments, the left side of (f99l) may be expressed as 

T (0 \(5 V (z)) vm \ 0) (0) = ( 5v (z) , tpt) (^, if j: if k ) 

-D^( v (z),C(z'))^G^ (^f v f k ) 
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In the tree order, the r\ (z) field in T (0 \q (z) (8<Pj) p>k\ 0)( ), which is the first 
term on the right side of (|99|) . must be paired under Wick contraction with 
the £ field in dipj, otherwise it has to be paired with the ghost field from the 
interaction Lagrangian. For the Abelian theory of (TIB]) , the ghost field is free 
and we have 

T (0 \ V (z) (%) <p h \ 0) (0) = L>(°) ( V (z) , £ (z')) D® (J^, ^ (100) 

Note that we have discarded ^ 9S ^ J , j owing to the vanishing vacuum 

expectation (ipk) = 0. For theories, such as the standard model, in which 
ghost fields are not free, terms with rj (z) paired to the £ field in the interaction 
Lagrangian may not be neglected and will be discussed below in Section iBl 
For the 2nd term on the right side of fl99|) . there is an expression similar to 
POOD . The identity fl99|) . after factoring out the common ghost propagator 
£)(o) (jj ^ ^ £ {%')) and then replacing z' by z, becomes 

-G ( ' {(fi, <p j} (fk) = D ( > [ — — , (pk J + D ( > lip (x) , (101) 



The definition (133]) for the composite vertex (x) on a fermion line may be 
extended to include other types of vertices. The extended composite vertex 
is defined as 

® = ^pr(°W,^) (102) 
= -ifc M r (0) (^ v> - Mr(0) (02, 

where the tree order amplitude T^ ^ (<pi,ip,(p') stands for the vertex factor 
of (fii — if — if' and k is the incoming momentum of the vector field N 1 
or scalar field (f>2- Note that this definition is the same as the restricted 
one in ( 1331) when p> and <p' are the fermion fields ip and ip. The amplitude 
dSip q(o) ^ ^) can ^j ien diagrammatically expressed as a composite 

vertex (X) connected with two propagator lines to fields (pj and ipu'- 

Since 5 2 <Pj is a product of one ghost £ field and another non-ghost field, 
taking the partial derivative with respect to £ as in 8< ^f J is equivalent to 
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factoring out the £ field to retain the non-g host factor. (^-,<p h ) 
is thus proportional to the free propagator that propagates the field (fk to 
the non-ghost field in S^ipy. In particular, if ipj = 02 and ifk = H, then 
^202 = —g£,H and 

We now graphically represent {^~^ L i L Pk S j by 



(104) 

5 2 <Pj 

where the single line stands for the free propagator from tp^ to the non-ghost 
field in 5 2 <Pj and the arrowed double line emitting from the composite vertex 
(x) is interpreted as that the original propagator connecting to field tpj as in 
(11031) is annihilated and the composite vertex with the arrowed double line 
is to be replaced by the constant coefficient of the non-ghost field in dS ^ k . 
With the graphical elements defined in (I102j) - (jl04p . the identity (jlOll) can be 
diagrammatically expressed as 

A, + (x 

fj <Pk 5 2 ipj <Pk <Pj 5 2 ip k (105) 
Likewise, by expanding 

T(0\8(r)(z) fifjfk)\0) m =0 
and utilizing fll05p . we get the identity 




47 



The above two graphic identities (I105p and (jlU6p together with the condition 

T (0 \S (77 (*) (Pi<Pj(Pk<Pi)\ty(p) = 
can be combined to yield the identity 







¥3 <Pi 



¥3 "Pi 



^3 "Pi 



(107) 

We will need graphical notations to express two amputated external fields 
in a four-point function. In the following figure 



X- I'- 
ll 08) 

the amputated A^ 1 and A u fields are represented by two crosses that are 
stacked together. Similarly, 




(109) 

represents a four-point function with an amputated external and a com- 
posite vertex (x). 

We are now equipped with the graphical notations and identities needed 
to construct component diagrams for Ward identities without the restriction 
on the type of internal field lines. 



A. 2 General Two-Loop Ward Identities 

First, let us construct regularized 2- loop amplitudes for the triangular Ward 
identity. If all the vertices for external fields are detached, a 3-point 2-loop 
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diagram in the presence of one fermion-loop sub-diagram becomes a 2-loop 
super-generator diagram 




(110) 



composed of a fermion loop and a non-fermion internal line. Seven topolog- 
ically different generator diagrams will result from all possible attachments 
of the vertices for and A v consistent with Feynman rules to this super- 
generator and are shown in the following: 




(111) 



For each diagram in the above, either of the two legitimate cut points at the 
two vertices connecting to the non-fermion internal line is available to yield a 
cut generator for a regularized Ward identity Since the component diagrams 
constructed from a generator obtained with proper cutting are all proper, we 
will choose the cut point for each generator in (11 111) to be legitimate and 
proper if such a cut point is available. For example, if the cutting is made at 
the endpoint of the fermion line connecting to the lowest vertex on the last 
diagram in (II lip , we obtain the proper generator 

/' X 

X J 

(112) 

The vertex for A v is attached to the fermion line and the vertex for A 11 is 
attached to the arc above the fermion line. We may attach (x) to the cut 
generator (11121) in all possible manners to obtain the following collection of 
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proper component diagrams: 



X . X X 

(x)X • ^ X (x) • J X • (x) 

V V V 

(x) < /' /' X (x) /' ® 

X • 1 X •' ^ X • ^ 

v v v ( U3 ) 



A component diagram is constructed when we insert (x) in consistency with 
Feynman rules into one of the internal lines or vertices in the generator. The 
momentum entering the open fermion line from the right side is assumed to 
be equal to the momentum leaving the fermion line at the left end. Since the 
original closed fermion loop is restored by fusing the open fermion line, the 
amplitude of the cut diagram is calculated by taking the trace and carrying 
out the fermion-loop momentum integration. 

There are many cancellations for the sum of component diagrams con- 
structed from a cut generator. Making use of (11051) and (I106p . the sum of 
the six diagrams in f II 1 3 j) becomes 




" (x) X X 1 - X X ' " (x) X ^ 

A* v n v (114) 

The integrals for the first two diagrams in the above cancel each other after 
loop momentum shifting which is allowed under our scheme of dimensional 
regularization. The amplitude for the last diagram in (11141) vanishes because 
the fermion loop that may produce Levi-Civita tensor terms are essentially 
embedded in a two point function that lacks sufficient indices to form a Levi- 
Civita tensor. Hence the sum of amplitudes for the six diagrams in (11131) 
vanishes. 

For the seven generators in (II 111) , only the 3rd diagram on the first row 
does not have a legitimate and proper cut point available when the non- 
fermion internal line corresponds to a wavy line representing an internal 
vector meson line. But this is exactly the case of the 3rd generator diagram 
in 058)) which has been discussed and taken care of in Section 14.71 
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Since it is always possible to locate a proper and legitimate cut point 
for a, N — 1 point, N > 3, generator diagram formed by a fermion loop 
and non-fermion internal lines, the corresponding 2-loop regularized iV-point 
Ward identity can always be satisfied by component diagrams obtained with 
proper and legitimate cut points. Thus, we have succeeded in constructing 
2-loop regularized amplitudes for the theory of (fTB"j) . without the restriction 
on the type of non-fermion internal lines, while preserving the validities of 
relevant Ward identities and Bose permutation symmetry. 

B Vertices Involving Ghost Fields 

For the Abelian-Higgs theory with the Lagrangian given by ffTB"]) . the ghost 
field is free and de-coupled from other fields. For the standard model, there 
are vertices involving ghost fields and these vertices give further complications 
to the diagrammatic verification of Ward identities because of leftover terms 
(to be discussed below). The ghost interaction is not unique to the non- 
Abelian theory. It is possible to have a non-free ghost field for the Abelian 
theory by using appropriate gauge fixing term. For simplicity's sake, we first 
illustrate the effect of ghost coupling with the Abelian-Higgs theory. We 
then proceed to the theory of the standard model to show that 2-loop Ward 
identities are not violated by these leftover terms. 

B.l Leftover Terms in Abelian-Higgs Theory 

For the Abelian-Higgs theory, if the gauge fixing term ffT^l) is changed to 

^/ = -^(^ M -«A0 2 ) 2 (115) 

where A an additional massive gauge parameter, the ghost term becomes 

L ghost = ir]8 {d^ - «A0 2 ) = i V (d^ + a AM) £ + igaA^H (116) 

which gives the factor —gaA to the vertex rj — H — £ such that the ghost field 
is no longer free. 

Let us use a solid black box ■ to graphically represent the vertex factor 
r(°) (r],Lp,^) for the vertex 77 — (p — £. Then the Green function 

G<°> (£, ifi, £; h, k 2 , k 3 ) = (£, rj; h) (rj, <p ff , D® (yv, w h) 
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can be diagrammatically expressed as 

,--\ 



g (0) (e,^,e) 



117) 



Note in the above figure, the dotted arrowed line corresponds to the ghost 
propagator (£,77). Let us also define 



Sitfj Vi 



G^^^Q (118) 



The identity f llOOp . with the additional pairing of rj (z) with the £ field in the 
interaction Lagrangian, becomes 

T (0 \rj (z) (%) ^| 0) (0) = D(°» (77 (z) , £ (a/)) x 



£(0) 



d5 2 (fj 



^ fc J + G<°> (5 1 ^-,^,^£0) J D(°) (<^ fe ) 



The identity H105[) needs to be appended by terms involving 8\ipj and Siipk 

With the additional ghost coupling, the sum of the six diagrams in (11131) 
becomes 

(x)X • - + X ® • J + X • fx)- ' 



(x) X 



-X- 



X (x) 



-X- 



+ X 



x 



+ — X- 



v 



-X- 
1/ 



(120) 
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The last three diagrams on the right hand side of the above identity vanish 
because each of them is effectively a two point function that is unable to 
produce a Levi-Civita tensor term. The second diagram on the right side 
is the only one that may be problematic because its cut point is located 
next to the composite vertex (x) as in fj4*9]) of which the non- vanishing sum 
invalidates the basic identity f[3"6"j) to result in the 1-loop anomaly To be 
more specific, under this circumstance, the double line pointing to the right 
together with the composite vertex in (I36I) can no longer be replaced by igR 
because 

(igR(f- m)) DR \ — = igR - igj 5 J A —L— (121) 

where I is the fermion momentum entering the composite vertex. But here, 
the massive A factor from the solid black box ■ , which represents the vertex 
factor of i] — H — £ in the gauge fixing of (I115p . reduces the power counting. In 
fact, thanks to the reduced degree of divergence, all 2-loop diagrams involving 
the solid black box ■ are convergent and their amplitudes are cut point 
independent in the n — > 4 limit. Thus the extra ghost coupling introduced in 
(11161) for the Abelian-Higgs theory does not give rise to any 2-loop anomaly 
in our 75 scheme. 

B.2 Leftover Terms in Standard Model 

For convenience, let us use the vector notations (ft = {4>\i<j>2, <j>z), iw — 
{Cw^w^w) and e 3 = (0,0,1). From flHJ, the BRS variation £74} for <\> 
may be expressed in terms of its real component fields. 

SH = (^y^w + 9Bt,Be^j ■ <p 

5$=- (m w £ w + M£ B e 3 ) - (Jy£w + 9B^Be 3 ) H 
+ (J^riw - 9B^Be 3 ^ x $ 

where 

M w = —v, M B = g B v 
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We have defined 8% in fl§T|) as the part of BRS variation that is linear in field 
variables. For the standard model, the non-vanishing 5i variations are 

5 1 B" = d»£ B , W = d^, 5 x G» a = d^ a s, 
5^ = -M w $y, 8 l( f) 2 = -M w &, 5 1( f> 3 = -M w & - M B £ B 

The graphical notations that we have defined for the Abelian-Higgs theory 
can be easily generalized to the standard model. In particular, the composite 
vertex (I102p can be defined for each component of ghost field 

% =^rWW i)V *) (122) 

= -ik^ ipj, <p k ) - M B T® (03, <Pj, <p k ) 

fix 

® =9^r(°W^ fc ) (123) 



-ik^<® (W?, p k ) - M W T® (0 a , <p k ) 



G fix n 

® = ^S? r(0) i<P« <Pi> Vk) = -^ i0) Vj, <p k ) (124) 

For the standard model with gauge fixing and ghost terms given by ([75]) . 
there are two kinds of ghost vertices stemming from if a bc9s {d^Vs) ^b^s anc ^ 
i£ a bc9w {dfjj)w) Wjf£w in the interaction Lagrangian. Since there is no risk of 
confusion, we use the solid black box ■ to represent either the ghost vertex 
factor r(°> (t$, C, f|) or r^ 0) (rfo, W, These additional ghost coupling 
vertices may cause anomaly at 2-loop order only when they are involved in 
superficially divergent diagrams. Additionally, to violate a Ward identity in 
our 75 scheme, a cut point must be positioned next to the (x) vertex such as 
the cut point for the second diagram at the right hand side of (11201) . There 
are four kinds of diagrams, as in the following, that may be responsible for 
the violations of Ward identities: 

>< >< ~ * ® X X® X (x) X *(x) (125) 

Note that the composite vertex (x) may be any one of the three defined in 
(]122j) - (jl24p . Note also diagrams with improper cut points at (x) are not 
adopted in our scheme and are not included in the above figure. 
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According to (j7B]) - ([79|) . —igsl 11 , —Wwl^L and igsl^ (Xi + &3R) are the 
vertex factors for %pi — G M — ipi, ipi — W 1 — ipi and ^ — B^ — ipi. To have 
non- vanishing trace of SU (3) x U (2) x U (1) isospin factors, the two external 
vector fields on any of the four diagrams in (11251) must be either (B^, G%) or 
(B^, W^) with the solid black box ■ corresponding to (^5,^,^5) or 
r(°) (rjw, ^,^). The violation of a Ward identity may be traced back to 
the violation of the basic identity (I36I) due to the leftover term as specified by 
the last term in (I12ip . This leftover term is proportional to the component 
of the fermion momentum entering the (x) vertex and thus does not need 
to be taken into account in the power counting of the 1-loop sub-diagram 
containing the fermion line leaving (x) in any diagram of (11251) . 

For the second diagram in (I125p . there is a logarithmically divergent 1- 
loop sub-diagram containing the /a factor and the vertex for the external 
vector field on the left. If we keep only the T term of this sub-diagram, 
two of the three external momenta will not be involved in the amplitude 
for the entire diagram and there are insufficient indices to form a Levi-Civita 
tensor term. This To term may be subtracted such that there is effectively no 
divergent 1-loop sub-diagram. By power counting, the last two diagrams in 
(11251) do not have divergent 1-loop sub-diagrams either. Only the 1-loop sub- 
diagram containing the fermion line leaving (X) on the first diagram in (11251) 
may be logarithmically divergent. But this sub-divergence, which gives rise to 
a pole term independent of the mass of the fermion propagator, is removed by 
the minimal subtraction renormalization procedure. So essentially, for each 
of the four diagrams in (I125p . only the overall divergence may contribute a 
-^-7 factor to resurrect the leftover term when n — > 4. 

n— 4 

The mass matrix rh for any fermion propagator in (11251) may be replaced 
by a uniform m because the difference is proportional to (rh — m ) which 
lowers the power count and annihilates the divergence of the entire diagram 
such that the /?a factor in the leftover term cannot survive. Thus for the 
evaluation of the leftover terms, we may assume that all the fermion prop- 
agators have identical mass m®. If the external vector fields are (B^^Gl), 
there is only one 75 associated with the igs'J^o'zR term in the vertex factor 
of ipi — B^ — ipi and it does not contribute to the leftover term because 03 
is traceless. If the external vector fields are (-B M , W£), the identity ( IHUl) also 
ensures that the amplitude for the leftover term vanishes if we sum over all 
lepton and quark loops. In essence, no leftover term is able to survive the 
n — > 4 limit in any diagram of (I125p . As a consequence, the coupling of 
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ghost fields to G or W vector fields in the standard model does not break the 
validity of any 2-loop Ward identity regularized according to our 75 scheme. 
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